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e Eigenvalues: 0 < A1(Lk(X;w)) < -+ < Ajx(i) (Le (X5 w)).
e k-th spectral gap: A1(Lx(X; w)).

Eckmann '44: Hi(X;R) = ker Li(X; w).
In particular, \(Lg(X;w)) >0 < H(X;R)=0.
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e Notation: for w =1, Li(X; w) = Lx(X).
o [,(X) € R|X(k)|><|x(k)|'

deg(oc)+ k+1 o=r,
Lk(X)U,T: =il ‘UﬁT|=k,GUT¢X,
0 otherwise,

where:
e deg(o) =|{re X(k+1): c C 7}
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deg(u) u=v,
L(G)aw = {51 {u,v} € E,
0 otherwise.

e Eigenvalues of Lo(X) : A1(Lo(X)) <--- < Ay =V,
o Eigenvalues of L(G) : 0, Al(Lo(X)), oo ,)\|V|_1(L0(X)).
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e Denote Lx(X;w) = Li(X).

Garland '73:
Let 0 < /¢ < k <d. Then,

(k=0 (LX) = (k1) min, Aa(Li-e-1 (KX ) ~(E+1)(d=)

In particular, if

£+ 1)(d - k)

A (Lk—e-1(Ik(X, 0))) > k+ 1

for all o € X(£), then Hi(X;R) = 0.
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Garland’'s method — some remarks

e Specific choice of weight function and requirement of pureness is
not essential.
e Case k=d—1,0=k—1=d— 2, is particularly useful. If
M (Lo(Ik(X, 0))) > 1 i N
1\Lo y O %
for all o € X(d — 2), then Hy_1(X;R) = 0. Note that 1k(X, ) is
a graph in this case.
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e Hypergraph matching (Aharoni-Berger-Meshulam '05) — Global
version of Garland's method.

e Extension of Garland’s theorem to posets (Kauffman-Tessler '25,
Babson-Welker '23+).
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Garland’s method - proof idea

Localization:
For ¢ € Cx(X) and v € V, define ¢, € Cx_1(1k(X, v)) by

¢v(0) = £p(o U {v}).

o >oevlovl? = (k+1)o]*
o Write <Zk(X)¢, ¢> in terms of <Zk_1(lk(X, v))¢v,¢v>, for

v € V (plus correction term).
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Extended Garland theorem via interlacing

e For M; e R"*" (j=1,...,m), let @; M; be a block diagonal
matrix with blocks My, ..., M,,.
I8 25

Let X be a pure d-dimensional simplicial complex, and let
0<?¢< k<d. Then, forall 1 <i<|X(k)],

(k=ON(Lx(X)) > (k+1)A ( P Leoea(lk(X, 0))) —(£+1)(d—k).

oeX(¢)

Corollary (L '25+)

dim(A(X;R) < > ¢,
oeX(0)

where t, = (# of eigenvalues of L,_,_1(Ik(X,0)) < W) ¢

12/19



Extended Garland theorem via interlacing

e Case ¢ = k — 1 of Corollary was proved by Hino and Kanazawa
('19) with different methods.

13/19



Extended Garland theorem via interlacing

e Case ¢ = k — 1 of Corollary was proved by Hino and Kanazawa
('19) with different methods.

Eigenvalue interlacing (Cauchy):

Let m> n. If A€ R™*™ is symmetric, and S € R™*" such that
STS=1. Then, forall1<i<n,

Ai(STAS) > X\i(A).

13/19



Extended Garland theorem via interlacing

e Case ¢ = k — 1 of Corollary was proved by Hino and Kanazawa
('19) with different methods.

Eigenvalue interlacing (Cauchy):

Let m> n. If A€ R™*™ is symmetric, and S € R™*" such that
STS=1. Then, forall1<i<n,

Ai(STAS) > X\i(A).

Idea of proof:
o Write L(X) as ST (@JGX(Z) [k_g_l(lk(X,J))) S (up to
“correction term”), apply interlacing theorem.

13/19



Extended Garland theorem via interlacing

e Case ¢ = k — 1 of Corollary was proved by Hino and Kanazawa
('19) with different methods.

Eigenvalue interlacing (Cauchy):

Let m> n. If A€ R™*™ is symmetric, and S € R™*" such that
STS=1. Then, forall1<i<n,

Ai(STAS) > X\i(A).

Idea of proof:

o Write L(X) as ST (@JGX(Z) [k_g_l(lk(X,a))) S (up to
“correction term”), apply interlacing theorem.

e Motivated by ideas from Babson-Welker ('23+).
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Aharoni-Berger-Meshulam '05:
Let G = (V, E) be an n-vertex graph. Then, for all kK > 1,

k- M (Le(X(G))) > (k+1) - Mi(Lk—1(X(G))) — n.

As a consequence, if A\1(Lo(X(G))) = A2(L(G)) > kk—_fl then
A (X(G);R) =0.
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e For a symmetric matrix M € R™ ", let Sx(M) be the multi-set of
all possible sums of k distinct eigenvalues of M (|Sk(M)| = (})).
o Let Sy i(M) = i-th smallest element in S.

L '24:
Let G = (V, E) be an n-vertex graph, let k > 1 and
1 <i<|X(G)(k)|. Then,

Ai(Lk(X(G))) = Sk1,i(Lo(X(G))) — k- n.

As a consequence,

dim(A(X(G): R)) < [{t € Ssa(Lo(X(6))) : t < k-n}.

e Mi(Lo(X(G))) > &5 == Sk+11(Lo(X(G))) > k- n
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e For a symmetric matrix M € R™ ", let Sx(M) be the multi-set of
all possible sums of k distinct eigenvalues of M (|Sk(M)| = (})).
o Let Sy i(M) = i-th smallest element in S.

L '24:
Let G = (V, E) be an n-vertex graph, let k > 1 and
1 <i<|X(G)(k)|. Then,

Ai(Lk(X(G))) = Sk1,i(Lo(X(G))) — k- n.

As a consequence,

dim(A(X(G): R)) < [{t € Ssa(Lo(X(6))) : t < k-n}.

e \i(Lo(X(G))) > k+”1 = Sk+11(Lo(X(G))) > k-n =
Hi(X(G):R) = 0.

16/19



An extended version of Global Garland

Additive compound matrices (Wielandt '67)
e For a matrix M € R"*", the k-th additive compound is the
matrix MK € R(D)*() defined by

m

ME( A Av) =) A AMYG A Ay,
i=1

for vi,...,vx € R".
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Proof idea
o L (X(G)) is a submatrix of Lo(X(G))*+ (up to correction
term).
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An extended version of Global Garland

Additive compound matrices (Wielandt '67)

e For a matrix M € R"*", the k-th additive compound is the
matrix MK € R(D)*() defined by

m
ME( A Av) =) A AMYG A Ay,
i=1
for vi,...,vx € R".

e Eigenvalues of Ml are exactly all possible sums of k distinct
eigenvalues of M.

Proof idea

o L (X(G)) is a submatrix of Lo(X(G))*+ (up to correction
term).

e Apply eigenvalue interlacing!
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Some open problems

e A generalization of the ABM result for “clique complexes of
hypergraphs” is known to hold (L '18). Could the additive
compound approach be extended to this context as well?
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Some open problems

e A generalization of the ABM result for “clique complexes of
hypergraphs” is known to hold (L '18). Could the additive
compound approach be extended to this context as well?

e Find more applications of eigenvalue interlacing in the context of
Garland-type results.
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